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Flow Simulation Using Generalized Static and Dynamic Grids
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A new approach is presented for a flow simulation system using generalized grids. In a generalized grid, the
physical domain of interest is decomposed into cells with an arbitrary number of edges or faces. The grid can be
of structured, unstructured, or hanging node type or an arbitrary combinationof the types. A cell-face-based data
structure is used to store the grid information. A flow simulation system is developed for generalized grids that can
handle static and dynamic grids. The full Navier-Stokes equations, in the integral form, are taken as the relations
that govern the fluid flow. A cell-centered finite volume scheme is developed for solving these governing equations.
The numerical flux across the cell faces is evaluated by an upwind scheme based on Roe’s approximate Riemann
solver. A higher-order scheme is formulated by utilizing Taylor’s series expansion and Green’s theorem. Limiter
functions are used to preserve monotonocity. The skin-friction coefficient is used to evaluate the accuracy of the
limiter functions. The generalized minimal residual method is utilized to solve the sparse linear system of equations
resulting from the linearization of the flux vectors. The Spalart-Allmaras one-equation turbulence model has been
implemented for the generalized grids and is used to evaluate the turbulent viscosity. For dynamically moving
bodies, the equations of classical mechanics are used to predict the trajectory based on the external aerodynamic
and body forces. A variety of computational examples are presented to demonstrate the wide range of applications,
and the results are compared with experimental data whenever available.

I. Introduction

URING the pastdecade,computationalsimulationof fluid flow

over complex configurations has progressed significantly, and
numerous notable successes have been reported in the literature' ~’;
however, the generation of a high-quality mesh for such problems
has often been reported as a pacing item. Hence, much effort has
been expended to speed up this portion of the simulation process.
Two of the most common approaches to grid generation are struc-
tured multiblock®-® and unstructured,'®"!3 primarily tetrahedron-
based, procedures.

Flow solversbased on structured grids tend to be computationally
more efficient than those based on unstructured grids. High-aspect-
ratio cells necessary for the resolution of viscous boundary layers
can be easily generated and can be used with existing structured
grid-based flow solvers.”-'* In the case of structured grids for com-
plex configurations, the physical domain has to be decomposed into
different subdomains (blocks), and the grid has to be generated
separately for individual blocks. In many cases, grid lines do not
exhibit continuity across the block interfaces. Even with this relax-
ation of the continuity of the grid lines, the grid-generationprocess
is time consuming. Flow solvers supporting noncontiguous inter-
faces require specialized interpolation procedures to preserve the
conservation of the flow variables.

Flow solvers based on an unstructured mesh require more CPU
time and memory per grid point because the number of grid points
necessary to resolve the boundary layers using nearly equilateral
triangles is enormous, resulting in significantly higher CPU and
memory requirements. Recently, success has been reported in gen-
erating high-aspect-ratiounstructured grids for viscous simulations
using an advancing normal point placement strategy.>:'® In this
case, the triangles inside the boundary layer are very skewed and
will affect the accuracy of the solution.

The generalized data structure of an unstructured grid is very
useful in refinement or derefinement. The addition or removal of
the grid points affects only the local data structure. Adaptation of
the grid to the flow features'’-® is then easier compared with moving
or adding grid points to a structure grid.
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Hybrid or generalized grid-generation and solution techniques
have been developed with the objective of combining the attractive
features of both structured and unstructured techniques. Nakahashi
et al."” used a zonal method for the hybrid grid generation. In their
approach, a body-fitted structured grid is keptin the boundary layer,
and a finite differenceschemeis usedto solvethe Reynolds-averaged
Navier-Stokes equations in the structured portion of the grid. The
rest of the domain is filled with tetrahedrons, and the Euler equa-
tions are solved in that region. The interface between the structured
and unstructuredregionsis treated as an explicitboundary. Another
approach, by Lohner,”’ used a combination of semistructured and
unstructured grids for getting high-aspect-ratiocells in the bound-
ary layer. The semistructuredgrid in the boundarylayeris generated
using the surface normals. In this approach, prisms are generated in
the boundary layer and are trimmed to avoid grid crossing. These
prisms are subdivided into tetrahedrons, resulting in only tetrahe-
drons in the domain. The main disadvantage of this method is the
presence of highly skewed tetrahedrons in the boundary layer. The
approach by Sharov and Nakahashi?! and Kallinderis et al.?? used
semistructured prisms in the viscous regions and tetrahedra in the
restof the domain. In both of these cases, the marching direction was
used as the surface normals to generate the prisms. In the approach
by Weatheril>* and Kao and Liou,?* most of the domainis filled with
structured elements, and the different components of the structured
grid are connectedusing unstructuredgrids. This techniqueinvolves
the decomposition of complex geometries into a number of simple
geometric entities. Structured grids are then generated around the
simplified entities. One of the structured grids is termed the main
grid. All of the remaining component grids are contained within
it. The main grid and the component grids are overlaid, and holes
are cut in the main grid where the structured component grid has
to be placed. The voids between the main and the component grids
are filled with an unstructured grid. In this approach, the transition
across structured and unstructured grids may not be smooth due to
sudden change in the area ratios of the cells.

In the presenthybrid grid-generationapproach *® structured grids
are used only near solid bodies, and the rest of the domain is filled
with unstructured grids. The structured grid generation is based
on an advancing-layer-type method, and the unstructured grid is
based on Delaunay triangulation. The quality of the cells at the
interfacesis ensured by checking the aspectratios of the cell. In the
presentflow solver, the structured and unstructured grids are treated
as asingle block through a generalized data structure that facilitates
the handling of the cells with any arbitrary number of sides. For
two-dimensional cases, an edge-based data structure is used for
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Fig. 2 Examples of hybrid grid.

this purpose, and a cell-face-based data structure is used for three-
dimensional cases. In the edge-based data structure, every edge that
forms the grid has four pieces of information associated with it: the
nodes that form the edge and the cell numbers on either side of the
edge. For the boundaryfaces, the boundary conditioninformationis
stored in the place of one cell number. In three-dimensional cases,
for each cell face the number of nodes that form the face, the node
numbers, and the cell on both sides are stored. The generalized data
structureeasily accommodatesthe grid types demonstratedin Fig. 1.
Two examples of hybrid grids are given in Fig. 2.

Early development associated with the flow solvers for hybrid
grids, structured and unstructured grids, are treated as two different
blocks,?®-2” and explicit boundary conditions are used to transfer
information between them. This introduces a time lag between the
interface of the structured and the unstructured grids, resulting in a
possibleconvergencedegradation. Two other approachesin the field
of hybrid flow solvers are due to Weatheril?® and Parthasarathy
etal.?® The approach by Weatherill®® utilizes a multistage time-
stepping scheme together with artificial dissipation. In the other
approach, Parthasarathy et al.?® use a Lax-Wendroff temporal dis-
cretization.

The full Navier-Stokes equations, in the integral form, are taken
as the governing equations for the flow simulation. A cell-centered,
finite volume, upwind scheme based on Roe’s approximate Riemann
solver? is used for solving these governing equations. The higher-
order accuracy is achieved using Taylor’s series expansion and
Green’s theorem. The monotonocity of the conserved variables is
preserved using a limiter function. The generalized minimal resid-
ual (GMRES )*° method is utilized to solve the sparse linear system
of equationsresulting from the linearizationof the flux vectors. The
flux Jacobians are evaluated using either an approximate analyti-
cal method or a numerical differentiation procedure. The boundary
conditions based on the characteristic variables are implemented
for generalized grids. The viscous fluxes are evaluated explicitly.
The Spalart-Allmaras one-equation turbulence model’! has been
extended to accommodate the generalized grid and is used to eval-
uate the turbulent viscosity. For dynamically moving bodies, the
equations of classical mechanics are used to predict the trajectory
based on the external aerodynamic and body forces.

The details about the algorithms related to the flow solver are
given in Sec. II. The validation of the code and the capabilities of
the presentapproachto handle moving body problems are presented
in Sec. III. Section III also contains the results from the algorith-
mic studies. Conclusions from the present study are summarized in
Sec. IV.

II. Flow Solver Development
The nondimensionalized, integral form of the Navier-Stokes
equations, with standard notations for conserved variables Q, the
convective flux vector F, and the viscous flux vector F*, applied to

a control volume 2 thatis bounded by a control surface 92 can be
written as

i/QdQJr?g F(Q)-nds:f F'(Q)-nds (1)
ar Jo 9 F1o)

where 7 is the outward pointing surface normal and ds is the cell-
face area. The nondimensionalizatims are done using the freestream
conditions. The velocity components are nondimensionalized with
respect to the total freestream velocity.

Finite volume schemes are best suited for hybrid grids because a
typical hybrid grid is an agglomeration of polygons with different
numbers of sides per polygon. For the present work we have used
a cell-centered finite volume scheme in which cell-averaged flow
variables are stored at the cell center. A semidiscretized form of
Eq. (1), without body forces, is written as

9 k
E,/g;QdQ:_ZFU.njdsj 2

j=1

where i and j denote cell and face numbers, respectively, and k is
the total number of faces of the ith cell. The numerical flux passing
through the cell faces is calculated by Roe’s approximate Riemann
solver? and is given by

Fy = 1[F(Qr) + F(Q1) — |Al(Qr — Q1)] 3)

where R and L represent the cells on the right- and the left-hand
sides of the cell face, respectively,and |A| = T|A|T*1,_Where T is
the matrix whose columns are the righteigenvectorsof A, T~! is the
matrix whose rows are the left eigenvectorsof A, and | A| is a diago-
nal matrix whose elements are the absolute values of the eigenvalues
of A. The matrix A is evaluated using the Roe-averaged variables 2

Higher-order accuracy in the spatial discretization is obtained
by using a linear reconstruction of the conserved variables that is
obtained using Taylor’s series expansionand Gauss’s theorem. Dur-
ing the reconstruction process, local extrema that may be created
are avoided by using limiter functions. The Taylor series expansion
with limiter function ¢, is written as

0(x,y,2) = Q(xi, yi, 2) + ¢ VO(xi, yi, i) - Ar + O[(Ar)*]
4)

where VQ is the gradient of Q and Vr is the vector from the cell
center (x;, ¥;, ;) to the desired point (x, y, z).

The gradient of Q at the cell center is estimated using Green’s
theorem, with the control volume taken as the cell itself. The flow
variablesatthe cell centerare calculatedusinga weighted-averaging
approach. Two differentlimiter functions were considered,and their
effect on the skin friction was studied.

A. Barth and Jespersen Limiter
A widely used limiter for unstructured grids was developed by
Barth and Jespersen® and is defined as

min<1, %) if 0,—0;>0
iy = min<1, %) if 0,—0Q,<0
1 if Qi - Qij =0 (5)

where Q;; is calculatedusing Eq. (4) withoutthe limiter function ¢;.
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B. Venkatakrishnan’s Limiter

Venkatakrishnam®® proposed another limiter for unstructured
grids that is an extension of the van Albada limiter that was de-
veloped for structured grids. This limiter is defined as

L] (Al +E)A +2A2A,
A_| AL +2A2 +A_A; +¢€?

¢ij = (6)

where €? is taken as (K Ax)® and Ax is the average edge size of
triangles; that is, if the physical domain is covered with the same
number of equilateral triangles of equal size, then Ax is the length
of the edge of those triangles and K is a threshold parameter. When
K =0, the limiter will be active everywhere in the field, whereas a
very high value of K implies effectively no limiting.

C. Implicit Scheme and Newton Iterations

In the case of implicit schemes, the numerical flux crossing the
cell face is a function of the conserved variables at the (n + 1)th
time level. The flux vector has to be linearized before the evaluation
of the flux crossing the cell faces. For the moving grids, the cell
volume is changing at every time step and has to satisfy the geo-
metric conservation law. For unsteady calculations, it is important
to drive the unsteady residual to zero for better resolution of the
physical phenomenon. This processis accomplished by using New-
ton iterations>* After linearization and simplification, the resulting
linear system will reduce to

V. k 9F. n+1lm
I+ ij AOH LM
Zt(E) e

k n+1lm
IF,;
+ i A j+l.m
2 <3Q.f> e

j=1

_ —[\G(&) Z

j=1

(Q”“'m)} (M

where j are the cells that surround the cell i and the superscriptm is
the index for Newton iterations. At the start of the Newton iteration,
0"+ 1.0 issetas Q". The sparse matrix system resulting from Eq. (7)
is solved using GMRES.*

D. Approximate and Numerical Jacobians

The Roe-averaged matrix |A] is a nonlinear function of the con-
served variables at the left- and the right-hand sides of the cell face.
For simplicity, the approximate analytic Jacobians are calculated
assuming the Roe-averaged matrix |A| as constant. The relation
for numerical flux [Eq. (3)] is then differentiated analytically with
respectto Ox and Q; .

The numerical Jacobian is calculated from the first principles.
Each element in the Jacobian is written as a;; = [0 F;(Q)/d Q] and
is evaluated using the finite difference formula®

F;(Q + hey) — F;(Q)

aj = h ®)

where e; is the jth unit vector and & is taken as the square root of
machine zero.

E. Turbulence Modeling

The simulation of many complex features of the flows of practi-
cal importance needs to account for the flow’s turbulent behavior.
The laminar viscosity is usually a function of temperature and is
estimated using Sutherland’s formula.’® The turbulent viscosity is
a function of the flow and usually evaluated by using an empirical
model. In this study the turbulent viscosity is estimated using the
Spalart- Allmaras one-equation model*! and the Reynolds stress is
modeled using the Boussinesq hypothesis?’

The Spalart- Allmaras one-equation model encompasses a solu-
tion of a second-orderpartial differential equation for the variable v,
and the turbulent kinematic viscosity v, is estimated from v by ap-
plyingadampingfunctionf,,. The nondimensional,integral form of

the associated governing equation, without tripping terms, is given
by
v
—dQ =

14+C C
+u7§ W+ D)V -nds — —2 /(v—f—f;)VzidQ
e, o 90 Re Q

—/V-VDdQ—}—/CblS'de
Q Q

LO
2
C,1
w 9
~2 [ (3) e ©
The details of the model are summarized as
2
Cbl = 01355, o = 5, Cbz =0.622
C 1+C
Kk =041, Cp= 2 1EC C,,=03
K2 o
v
C,; =2.0, C, =171, X =-
v
x X
vl = T g V=V vl» v2 = = —
for O r =V ful S A7
1
~ 1 1+C8 \°
S=S+—< 2d2>f”2’ f“’:g<gﬁ+—cg3>
=r+C (rG—r) r= ! v )
&= “2 ' "~ Rep \ Si2a?

The discretized form of Eq. (9) is written as
ﬁn +1 __ Dn

k
AL =Y (UTB + U iyj)) ds; + Co (S0), Vi

j=1

(1 + Ci2)
aReL

2
@]

where k is the number of edges of cell i, n;, is the cell that shares
the jth edge of the cell 7, and V; is the cell volume. The variables
U™ and U~ are defined as

=1+,

_ _ Cbz _ 2-
Z( +V)ij(VV'")ij dsj_ % +v); VoV,
—1 L

U-=1w -

where U is the contravariant velocity. For the explicit scheme, a
four-stageRunge-Kutta methodis applied. For implicitcalculations
the Jacobians are calculated numerically,® and the resulting sparse
matrix is solved using GMRES.*

F. Unsteady and Dynamic Motion Calculations

The geometric conservation law adds a correction term to the
governing equations to account for the grid motion.*® This correc-
tion preserves the uniform conditions when the grid moves, thereby
avoiding the creation of spurious sources and sinks in the flowfield.
The geometrical conservationlaw in integral form, which relates the
rate of change of the control volume to the orientationand velocities
¢ of the cell faces, is written as

dQ:f c-nds (11)
Q Yo

For flow simulation over moving bodies, the grid has to be regener-
ated globally at each time step, or the grid points have to be moved
appropriatelyto retain a body-conforminggrid without overlapping
cells. Regeneration of grids for each time step is expensive, and in-
terpolationhas to be done to transferthe data between the grids. The
interpolation is usually nonconservative and reduces the accuracy
of the simulation. In the present study, the tension spring analogyis
used for grid point movement.*’
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Fig. 3 Notation used for rigid-body dynamics.

In the tension spring analogy, each edge of the grid is assumed
to be a tension spring. The movement of the interior points is cal-
culated by solving a system of tension springs when the boundary
points are disturbed. The spring analogy, by specifying the bound-
ary displacement, will resultin a linear system for the interior point
displacements. This system is written as

S Kij(Axi— Ax) =0, > K;(Ayi—Ay) =0 (12)
J J

where K;; is the spring stiffness correspondingto the edge connect-
ing nodes i and j and is defined as li;z, where /;; is the length of the
edge. The summation varies over all nodes that are connected to the
node i. The sparse matrix system resulting from Eqs. (12) is solved
using GMRES. For the situations involving large relative motion of
the bodies, the quality of the grid will degrade after a few hundred
time steps. At this stage, a new grid is generated, and the solution is
interpolated to the new grid.

The trajectory of moving bodies is determined by the laws of
classical mechanics. It is assumed that all moving bodies have six
degrees of freedom. These six degrees of freedom are the translation
along the three coordinate axes and the rotation about the three
coordinate axes. The movement of the body is determined based on
the pressure distribution over the body and the gravitational force
due to the weight of the body.!

The notationsused for rigid-body motion are shown in Fig. 3. The
position vector of any point on the surface of the body is expressed
as the vector sum of the position vector of the center of gravity and
the vector from the center of gravity to the corresponding point and
is written as

r=r.+r (13)
Now the velocity at the point P is given by
i'zi'f—}—i'O:Vf-f—wxrg (14)

where r are the position vectors of the point P, shown in Fig. 3. The
linear and the angular velocities of the body are denoted by V. and
w, respectively.

The balance of forces and moments acting on the body results in
the relations for the translationaland rotational accelerations. These
expressions are written as

me:ZF:mg—¢ pnds (15)
Q

]

@.w+/<w-r0><roxw>dsz=2roxF=—7§ pro x nds
Q d

0Q

(16)
where
Iy +1. —I =1,
o=| -1, IL.+L. ~—I. |, h:/%@mg
T S A ¢

III. Results and Discussion

The present approachfor the flow simulationhas been extensively
tested and validated and is presented by Koomullil.*® The capability
of the flow solver to handle the cells with an arbitrary number of
sides is demonstrated using the grid shown in Fig. 4, which contains
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Fig.4 Generalized grid containing more than four nodes per cell.

Fig.5 Contour plot of pressure distribution around circular cylinder
at freestream Mach number 0.3.

30 P E—
---Sublayer u7 =y o 00208
25 — LogLaw u* = 25In(y*) 5.
oComputed Profile °

20
w15

1 10 100 1000 10000
In(¥+)

Fig. 6 Turbulent velocity profile compared with theoretical data.

cells with four, five, and six sides. This grid consists of 2345 nodes
and 2536 cells. Some of the cells have hanging nodes, where only
two edges are connected to that node. The flow conditions taken
were a freestream Mach number of 0.30 and an angle of attack of
0 deg. The pressure contours for this simulation along with the grid
are shown in Fig. 5.

The turbulent flow simulation is validated using the flow over
a flat plate. The grid consists of 2911 nodes and 2800 rectangles.
The physical domain includes five plate lengths upstream of the
leading edge, four plate lengths downstream of the trailing edge,
and five plate lengths above the plate. The first point off the plate
is at a distance of 1.0 x 1073, The freestream Mach number for
this simulation is taken as 0.5 and the Reynolds number as 2 x 10°.
The computed turbulent velocity profile is compared to theoretical
results in Fig. 6.

The turbulent flow calculations were carried out over a NACA
0012 airfoil. The flow conditionsused were a freestreamMach num-
ber of 0.799, an angle of attack of 2.26 deg, and a Reynolds number
of 9.0 x 10°. The grid used for this simulation is a structured grid
of dimension 290 x 81 (Fig. 7) and is converted into the hybrid grid
data structure. A total of 200 points were given on the surface of the
airfoil. The Mach number contours are shown in Fig. 8. The explicit
scheme takes 1.5 x 10~ s periteration per cell, whereas the implicit
scheme takes 1.44 x 1073 s periterationper cell on a Silicon Graph-
ics (SGI) R8000 processor. For double-precision calculations, the
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explicitscheme requires 102 words per cell, and the implicit scheme
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requires 550 words per cell. gﬁg?vémgﬂimiter
0.002 s—aK=2 Venkat limiter

A. Effect of Limiter Function on Skin Friction - #—vK=3 Venkat fimiter
The effect of the limiter function on the skin-friction coeffi- O

cient is studied using the flow over the NACA 0012 airfoil. The 0.001

skin-friction distribution over the airfoil is plotted in Fig. 9. The

skin-friction distribution does not change with the different thresh- 0.000

old parameters for Venkatakrishnan’s limiter.>> However, Barth and

Jespersen’s limiter gives higher skin friction at the leading edge of

the airfoil and lower skin friction after the leading edge. After the -0.001 . : :

shock-inducedseparationat the uppersurface of the airfoil,bothlim- 00 o 04 086 08 1.0

iters gave the same skin friction except for the threshold parameter X/c

K =20. Fig.9 Skin-friction coefficient distribution over NACA 0012 airfoil.
The computed skin-friction distribution over the flat plate for a

Reynoldsnumberof2 x 10° and a freestreamMach numberof 0.5 is 0.007

compared with the theoretical values in Fig. 10. Venkatakrishnan’s
limiter*® underpredicts the skin friction, but Barth and Jespersen’s
limiter gives a nonsmooth skin-friction coefficient. For very high
values of the threshold parameter (K = 50), the distribution of the
skin friction deviates from the theoretical ones.>’

B. Unsteady Calculations
The unsteady calculationswere validated using inviscid transonic
flow over the NACA 0012 airfoil pitching about the quarterchord. A
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structured grid (shown in Fig. 11) with 6000 cells and 6211 nodes is
used for this simulation. The unsteady calculationswere started from
a steady-state solution. The movement of the airfoil is prescribed
such that the angle of attack varies sinusoidally according to the
following relation:

a(t) = a, + ay sin(wt)

where a,, is the mean angle of attack and is taken as 0.016 deg and
the maximum deflection a; is taken as 2.51 deg. The NACA 0012
airfoil is assumed to be pitching at a reduced frequency k of 0.1628

0.6

__Numerical '
«Experimental (AGARD Data)

04}
0.2}

O
0.0}

0.2}

04 ' : :

4 4

-2 Q .
Angle of Incidence
Fig. 12 Lift history for pitching NACA 0012 airfoil.
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at a freestream Mach number of 0.755. The reduced frequency is
defined as

k=wc/Vy

where w is the frequencyin radians per second, ¢ is the chord length,
and V is the freestream velocity. The computed lift history is plot-
tedinFig. 12. The resultsare compared with the experimentaldata.*!
The lift history attains a periodic nature after half a cycle of oscilla-
tion. The simulation of a full cycle of oscillation,on an SGI R4400
processor, takes 50 min of CPU time.

The capability of the flow simulations involving bodies in rela-
tive motion is demonstrated using a simplified model of the store
separation problem. The grid used for this simulation consists of
4824 nodes and 9216 cells. The freestream Mach number is taken
as 2.0. The pressure and Mach number distributions for the steady-
state condition are shown in Fig. 13. The trajectory of the missile
is calculated by using the aerodynamic forces acting on it and its
weight. During each time iteration, the position of the body changes
and the corresponding changes in the interior grid points are cal-
culated using the spring analogy. The grids are regenerated when
the cells get too skewed, and the solution is interpolated to the new
grid. Regeneration was carried out three different times during the
solution process. The grid, pressure distribution, and Mach number
distributionat two differenttime levels are shownin Figs. 14 and 15.

Mach number

Fig. 13 Steady-state solution.
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IV. Conclusions

A new method has been developedfor flow simulationon general-
ized grids. The results of the computationshave been validated with
experimental data whenever available. The capability of the code
to handle an arbitrary number of cell sides has also been demon-
strated. A fully implicit scheme with approximate analytic and nu-
merical Jacobians has been implemented for generalized grids. The
implicit scheme with numerical Jacobians takes approximately 5%
more CPU time per time iteration than with approximate analyt-
ical Jacobians, but a better convergence is achieved. Two differ-
ent limiter functions have been implemented. For the limiter by
Venkatakrishnan;® high values of the threshold parameterare found
to deteriorate the skin-friction coefficient. An ideal value for the
threshold parameter has been found to be around 2. The unsteady
calculationshas been validated with a pitching NACA 0012 airfoil.
The capability of the code to handle bodies in relative motion has
been demonstrated by a store separation problem.
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